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INTRODUCTION

This paper is a logical continuation of studying the mathematical model presented in [1]. However, between phases, many authors believe that
either Henry's law or Langmuir's law is fulfilled. Based on the results of [2], below we assume that there is some characteristic relaxation time
for achieving equilibrium between the phases:

ds

9s _ %(H(c) = 8), (1)

at
where 7 positive constant and called relaxation time. Then the concentration of surfactant c(x,t) is a solution to the following equation:

dc ds

—=D-Ac—v-Vc—=
at T, 2)
,D . = . Lo . . . =0 .

where e positive constants, v rate of fluid filtration in a porous medium, function (<) =1 if ox,t) > C., H(c) =0 i

(X, 1) < €. and in the case of equilibrium processes § = H (C) Then the system (1), (2) reduces to the well-known Stefan problem.
Similar mathematical models were investigated in [1,2,7].

m
1. Formulation of the problem. Let Q - is a bounded domain in R with a sufficiently smooth border T’

, Qr = x (0, T)- It = Ix(0, T) Required to find functions C(X ' f), s (I, t) (surfactant concentrations in liquid and solid phases),
defined in the area @ =, satisfying equations (1), (2) and initial conditions
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c(x,0) = cp(x), s(x,0) = sg(x), x €N

.................................................. 3)
and one of the boundary conditions
clx, t) = c{x, 1), (x,t) € IT )
movieteD = e, @OEL e ®)

Here n — internal normal vector to S.

Further, under task I is understood as task (1)-(4), and task II is understood as task II (1)-(3), (5).

Definition 1. The solution of problem I (problem II) is a pair of functions {G s} such that:
2.1
1 c E Wq (QT)I 1 < ‘? < ml Stv 5 'E LM(QT)’

2. Equations (1), (2) are performed almost everywhere (a. e.) in Qr;
3. [Initial and boundary conditions for ~ <Cx. ) are accepted in the sense of traces of functions from the indicated classes, for s the

initial condition is taken as follows llsGe, ) — sollee.o — O at t= 0.
Designations norms and spaces of functions coincide with the notation in [2].

1. Auxiliary sentences.

Lemma 1. Let 4 ¢ WPI(Q)’Q-isaboundeddomainin R, p>1l.4 = {x e O|fu(x)|< g}. Then Viu=0 a.e.in AO
Lemma 2. Let () - is a bounded domain in Rk, V,,,V,gELp(Q)’ p>l. VxeQ\4, Mn(x):f(x) and VHEN,

v, (x)|< g(x) > where mesA =03 v —v weakly in Lp(Q).Then v faeinQ .

From Lemma 1 it follows that in the domain E e = {(X, t) € QT |C{I, t) = 0} equalities are performed: €t = Ac = 0
Then from equations (1), (2) are displayed: H(c(x, t)) =s(x, 1) for a. e. (_,‘t.', E} € EI‘S‘ . From the definition of the function
H (c), in particular, it follows that 0= S(I, t) =1 for a. e. [X, t) € Et‘ .

2. The correctness of the mathematical model. Replacement of independent variables and sought functions is done:

¢ . . . :
t== X =xym/iD, s =s, ¢ =cm, H(c) —H(mc)'

Also, the rate of fluid filtration everywhere below is considered positive constant and the strokes are omitted in the equations.
s; = H(c) — s,
;g —Ac+v-Vc+s5, =0

Beyond the change area of independent variables, the initial and boundary data old designations are preserved. Further, the problem

1 U ] is understood as task I ('r I ) in which equations (1), (2) are replaced by (6), (7).
7 2.1
Theorem 1. Let the border "€ O function u €W, (@) conditions (3), (4) (respectively (3), (5)), Sp,
Cp, C!(x, t) measurable and 0= {Sg(l’). Cy, Cf(x' r)} =1 x€ ﬂ' Then the problem
I (accordingly the task 11 ) has a unique solution. In this case the following estimates are fair:
(2) (2)
el < K@+ ) 0< el <1
............................................. ®)
0=ss(x,t)<1, lIs|=<1 ©)
1
’ a
Positive constant K 1 depends only and T. It should be noted, that when 9 > (_m +2 ) f' 2 the solution € EH ':QT) for some
Ve

a> ':}. When 4 >m+2 it becomes Holders and

3. Existence: The function H (C) s approximated by continuous monotonic functions H,(c)



67776 International Journal of Development Research, Vol. 15, Issue, 02, pp. 67774-67782, February, 2025

1
c>—+c,c<c,n=1,223,..
n +c. ¥ PEEEET Through (6) n, (7}77 denoted the equation (6), (7), where instead of the

at

function H function Hy is considered. For each n an approximate problem (6)11, (7)?‘:, (3), (4) is considered. The operator is
s 2.1

determined P:Wg(Qr) = Wg(Q7) fixed point which gives a solution to this problem.

2.1 - c
Let g €W, (QT), then by definition c=PFP (,G ), if satisfies the equation (7)

t

S0 = s0(0) e+ | HalgCo ) - e
0

and conditions (3), (4).

For 5 (x- t), from the written submission, the assessment should be performed (9). Then for C(-"'" f) assessment is performed (8).
Conditions (3), (4), (8) determine in Wsll @) some convex, closed, bounded subset, which the operator P translates into itself. Since P
is completely continuous, by the Schauder theorem there is a fixed point of the operator P, which gives the solution to the problem (6}11 s

(?) n, (3), (4). We denote it by {Sn Sn}. The second estimate in (8) follows from the maximum principle. In this to obtain the
upper estimate , the cutting function is introduced: ¢ = max {0, c— l} - To obtain a lower estimate, the cutting function has the

form: € = mn {0, f]. Estimates (8), (9) for Ty Snoand limitation Hy (Cn) allow us to select subsequences ng,
such that:

Cp, — C Ocm _, Bc vcnk - Ve Acy, — Ac
a.e. in QT, at at, , weakly in LG(QT),
ds as
Sp, — S M, 9
at at , H".;- (C'?k} —h * weakly in L-:-: (OT)

Cpyp = €

From the function definition H n (Cn) and a.e. in QT, follows that h(l', t) =H (C'(:t’, I)) a.e. in
QT \ EC. On the set EC function h (x, f) = S(A.] f) and by definition of function H(C) and lemma 2:
0<h (x- f) = 1. So on set Ec function h(ﬁt, E:] coincides with (C(xr E)) . Passing to the limit in (6)71 s
(7] n, (3), (4) at Mg = 9 \e obtain , that the limit functions C{X ’ t): 5 (xr t:l are the desired solution of the problem
I

s

4. Uniqueness. To prove the uniqueness the solvability of the adjoint problem is shown.

Let Ci s,i=12- two problem solutions ! . We put

c=c—c; s§=s51—5; H=H(c;)—H(cy)

c s H

Functions satisfy equations (6), (7) and conditions:

C,S|t=[|:0, CI[‘T:OJ HIE:S

Fﬁ = H_/IC

where E=E 1 NE. 2. Auxiliary functions are introduced F § mn F £.8; on set E={(x,t)

€Qr|lc(x,t)|= & F. =0 Qr\E F

} and 6 — Yon , and the function £.4 is selected from the conditions:
Fes € C°(Qr), 0<F.5=<Fs lmlF ;—F4 , =0
@,
In QT functions are considered, fairly smooth, satisfying the conditions:
@| =0, 0<Ty=T
? Yliero.n =0, OO OO an

From (6), (7), (10, (11), the equality is derived:
Jo, {e-Mi(@,9) + 5 Ma(e,¥p) + (H — Fes¢) - }dxde =0

oo
Let be G1,62 € C%(Q1y) andin Qr, equations are considered
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Mo, 9) =G, i=1.2
Solvability of problem (11), (13) is obtained in the standard way, based on the local existence theorem and a priori estimates. From (13) view is

displayed for : .
Yoot) = " Wem + Glomldu—oxt) (14

Function CD{X, t) determined by the equality:
d(x,t) = @(x,t)- €

The following equality is a consequence of (13)-(15):

QD+ P-AP+v-D-VO— (1‘|‘ Fes) & =1{G,— Fs,ﬁ'f:o (Y +Gy)du}-e*- ¢ e n(16)

Consider (16) at the point of the internal maximum of the function ®. The first two terms at this point are nonpositive and the third term turn to
zero, so taking into account (15), we obtain the estimate:

T
lol <[ < {J" (1] + 1G2)de +]641} - e (1)

From (14) and (17) using the Gronwall inequality, the following estimate is obtained:

19lleogr < €116 1 lgy, + K2~ To

Constant K 2 depends on T and norms” Gill =.Q71o" i=1,2. After the passage to the limit —* 0 , then by §-0 by virtue of estimate (18) and
conditions (10), equality (12) takes the form:

fQ {c- Gy +s-Gy}dxdt + [; Y- sdxdt =0.

We can assume that 'Gz- i=1,2 _ arbitrary functions from LM(QTD). Suppose in(T, 2-K). Choosing
Gy =0, Gy =SIgNs  fom (18), (19) we get, that S = 0 in @Tor ot G2 =0, Gy = sign ¢ from (19) €= 0 i Q7

Similarly, uniqueness is shown in Qx[Ty, 2- TG], Ox[2-Ty, 3-Tg] etc. For a finite number of steps, we obtain uniqueness in Qr.

5. The continuity of the solution on the initial and boundary data.

Let be i S, i = 1,2 - two solutions of the problem 11 , satisfying the initial and boundary conditions:

¢;i(x,0) = u,(x,0), s;(x,0) = sp;(x), x € Q.

aﬁ'f
an

_ auf

T an |FT’

i =1,2.

We introduce the notation:
€C=¢—C, S§=8§ — 5{%} H = H(c;) — H(cy), so = sg1 — So2,
u=u —uy 6= lullgg, +lIsollen co=co1—co2 ¢r=cp—cp
Then the functions c, s, H satisfy equations (6), (7) and conditions (3), (5).

Theorem 2. If the assumptions of Theoreml1 are fulfilled for the functions Wi, Sop i1=1,2 then the following estimates are true:
) & g .sl/g
llellgo, < K3 -0 OO TR (20)
Isellp.or + lIsllpor = K e e e et e e e e (21D

, 1| :
where 1 =P < @ constants KS, Ky depend on 97,14, "uE”ﬂTﬂT, Isoillon, @ =1,2.

1
- (pl 5
Proof. Multiply equation (7) by ¢ (C + E) 2, £>0, and integrate over the region Qﬁ:
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[ I+ e+ e (Ve) - (P +e) T+ H ¢ (F+ )7 _-c- (2 +e) dudt =

1
= fr crec” («:2 + s)—zdf-l— £ v-fqﬂ v [[02 + E)%] dxdt.

2 3
- g -3 .
Drop the nonnegative term in this equality £ (\?C] (C + E) : and in the resulting inequality we go to the limit by £—0:

fae{|c|t+|H|7|S| Jdxdt < [, |cddl

................................................. 22)
fae{lslf Hlsl—1H Yaxde < 0. 23)
From inequalities (22), (23) follows that
o (leCx 0)] +IsG, O))dx < llcollya + lisollua + |||, = &5,
T (24)

From the estimates (22), (24) the inequality is derived: "H"LQT =K- 6.

llsell 19r = K- 5. Evaluation (21) is a consequence of the resulting assessment and the limitations of the norm "S"“-QT. The considered
function c (x, t), as a solution to problem (7), (3), (5) and, taking into account (21), we obtain the estimate (20).

lim |5l o = 0

From here and from equation (6) is estimated:

It should be noted, to get ordinary continuity you need to show that . In general, this equality does not performed.

Suppose we have two solutions to the problem under consideration: € = 0,s=0y c(x, f) =1l-s (,1’ ' Ij,

l1—e® 0<t=—In(1-2¢9),

0<e<l, S{xjf}={£, ~ln(1-&<t<T.

The second solution satisfies the following initial and boundary data:

dc
Cli:ﬂ =g Slt:g :D, (a—lf'c‘) |FT:D

Obviously, in this case S=c¢ ,a lls:ll w.Qr = 1.

6. Limit transation in relaxation time. Below, we will study the behavior of the solution as =0 using the example of problem 1.

For problem II a similar result is true. We introduce K (QT) — function space with the norm:

iy = Nellen gy + Mtelly gy + Vel + Mtellzgy + V2l

T T
Functions € (-’t- t)- s (.1’, I) satisfying equations (1), (2) and conditions are considered:

(Ct(x, t) — -ClI])|p}U{;=g} =0, s'|t=0 = 50

........................................... (25)
2.1

where C'E' € Wq (QT) n K(QT)J SE € LOO(Q) and 55 (x) = H(CB(X)): x € -(1
.......................................... (26)
Without loss of generality, constants everywhere below are considered, equal to one.
Lemma 3. To solve problem (1), (2), (25), (26), the following estimates are valid.:
lelleo.or = Ks 27)
llcillz o + max ||Vc* <= Kg

0 T 0,7 ” "m S, (28)

. N vt VA
||H(Cr)—$’||w$_£f(’7 &Y T §>0
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where Q? = HJI(U- T), 0° = {(xen

dist|(x,u) > 6}, § >0,

L T
and the constants £ i,i=5, 6,7 depend only on T,Q 4ng <t ik, T

Proof. From equation (1), (2) and condition (26) we get follow estimates:
) .
i T . T *
0<s'(xt)<1, si-(c"—c)=20, [/si-(c"—¢c)dt=00<T.

From the maximum principle should also be estimated: 0=d(xt) = 1

T T
T T
Here and further, where there is no misunderstanding, the index  of the functions Co €4 S _ s omitted.

Let us show how the last one turns out:

3] . 3] . " i)
], s (c—cedt = Jy (H(c) = 5) - (c—)dt = (H(c) =) - (c =) + [y 5: - (c —
c)dt=0

From the resulting estimates and on the basis of the results from [2] the estimate (28) follows. To obtain the estimate (29), the function is
introduced:

FEeWHQ), flg =1, ||[Vfll,, < K(®) 512

1
e (2 3
Further, equation (2) is multiplied by f ¢ (C + E) 2, €=0 and integrated by QT:

1 2 3 1
Jo {f (P + el e f-(Ve) (P +e) 2+ s,-f-c- (2 + &) 2dxdt =
1 1
=e-v- [, Vf-V [(cz + s)z] dxdt + [, Vf -Ve-c- (c* + &) 2dxdt
Passing to the limit at € —* 0 and discarding the nonnegative terms in the left-hand side, we obtain the estimate (29). The lemma is proved.

Let be U=c+H (C) generalized solution of the Stefan problem (see definition, for example, in [9]), satisfying initial and boundary
conditions:

U(x,0) = cp(x,0) + sp(x), x €10,
.................................. (30)

clx, t) = eplx, t), (x,t) € I7
where €0 € H(QT)- Sp € Le (Q), sg = H(cp(x,0)).
Teorem 3. If

16— cll gy + llsd = sollia =0 ¢~ g,

then € T S convergesto Uat T 0in the following sense:

. 1
€ = € yeaklyin W2 (Qr) | * weaktyin Le(@7), (32)

s = H(c") * - weakly in Lo (Q1) at T~ 0

r
Really, the functions c, s satisfy the identity::

f [-9— (& +57) @ }dxdt = f (cp + sp) - (x,0)dx
Qr [+]

1 —
for any ¥ € WE(QT), q"}I-iri"v'[f=9]= - 0. Then, from conditions (31) and estimates (27) - (29) we can choose a subsequence that ,

T 0 (32) are fulfilled due to the uniqueness of the whole family converges to solving the Stefan problem as T — 0.
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8. Numerical experiments: Before proceeding to the construction of algorithms for solving the original problem, we will analyze one model
problem from [5], which has important practical significance, since it is the basis of the models, taking into account the given equations of the
kinetics of changes in any parame.

a—u—Au+;(a—W=0 ................................... (33)

ot ot

% = %[H(u) —wl+dAw (34)

Lu>u"
Hu)=<w,u=u"

O,u<u*

where H (M) characterizes the phase transition, - relaxation time, X A - positive weight coefficients, taking into account the nature of

the contribution process (transience and slowness).

For (33) - (35) the following initial and boundary conditions are given:

u(x,0) =uy(x), M0 =np(x), xeQ (36)
ux,t)=uy(x,1), (€S e (37)

The correctness of the problem (33) - (37) and the qualitative properties of the solutions (the asymptotic behavior of the solution with an

unlimited increase in time, limiting transitions in relaxation time and A - migration of moisture It is proved that problem (33) - (37) is a
problem of Stefan type. When A — 0, problem (33) - (37) tends to solve the problem without taking into account moisture migration.) were
investigated in detail in [5].

It is known, that systems of equations like (33) - (37) have a number of features, in particular, depending on the values 7, X A and u* the

solution of the system is either completely absent, or contains jumps, which leads to the expansion or contraction of the phase transition zone.
We present a numerical algorithm only for the one-dimensional case with a given type of boundary and initial data, i.e.:

w,=—[H@)-wl+Aw,, (39)
Lu>u*

Hu)=<w,u=u"
O,u<u*

.................................... (40)

initial and boundary conditions:

u(x,0)=e ", wx,0)=1-e " =wy(x),xeQ A1)

w(0,0)=(1+0)%, u(,)) =1+, (GO ESE “2)

In system (38) - (42) at the beginning we solve (39) with the corresponding boundary conditions, for a given value U . Further we find U at

the found value of W. To do this, we introduce a uniform grid X ) + l/’l, 1= O, N |, where h = const - grid spacing
t" =n ‘F, n= 0,1,2..., here 7 - time step. Required functions U , W at the nodes (xl. , In) hereinafter referred to as ul-n,

Wln respectively. Then we write the difference form of the equation of system (38) and (39) for a constant grid step h
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n+l n+l n+l n+1 n
1(H(u¢)_w1)+lwi+l —2W AW W W
1 l ~
T h? T
n+l n n+l n n+l n+l n+l
U Y +ZWi W Ui — 2 U
T T W

This system is solved sequentially by applying the sweep method to each equation. The stability conditions of the sweep method are satisfied.

12 u,w
L NIRRT PO TP
0,8 -
0,6 - A
0,4 T
0,2
0 T
0 0,2 0,4 0,6 0,8 1 1,2
%
Picture 1. Distribution , (thin line) and W (thick line) at A=0 s ¥ = 1,u = 0,5
12 u,w
L N P ————" f
0,8 \\ l
0.6 I
0,4
0,2
X
0 T T T T T
0 0,2 0,4 0,6 0,8 1 1,2
Picture 2. Distribution U4 (thin line) and W (thick line) at A= O, 4 =% = 0.8
u,w
16 17—
1,4 /-\
1,2 \
1
08 < " '-:,-h'
/ .
0,6 .
]
0,4
]
0,2
0 T T T T # X
0 0,2 04 0,6 0,8 1 1,2
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%
Picture 3. Distr bution U (thin line) and W (thick line) at 4 =1, y=0,u = 0,5

i

1 /N
0,8 t k /

0,6 \
il \

s \\\\ 4///“\//

|

]

\_——/ [ ]
)

0 ‘ ‘ ‘ ‘
0 0,2 0,4 0,6 0,8

1,2

%
Picture 4. Distribution U (thin line) and W (thick line) at A= 1, X = ,u = 0,5

The obtained numerical results take place for solving the original problem after simple transformations. In addition, the results of [5] are valid for
solving the original problem.
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